Model for self-tuning the cosmological constant 
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The vanishing cosmological constant in the four dimensional space-time is obtained in a 5D Randall- 
Sundrum model with a brane (Bl) located at i/ = 0. The matter fields can be located at the brane. 
For settling any vacuum energy generated at the brane to zero, we need a three index antisymmetric 
tensor field Amnp with a specific form for the Lagrangian. For the self-tuning mechanism, the bulk 
cosmological constant should be negative. 
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The cosmological constant problem is the most seri- 
ous hierarchy problem known for more than two decades 
[01 . So far, there have been several attempts toward 
understanding this hierarchy problem, but there has not 
appeared a fully accepted solution yet. The hierarchy in 
this problem is, "Why is the scale for the cosmological 
constant A so small compared to the Planck mass scale 
Mp = 2.44 X lO^s GeV?" This hierarchy problem has 
become even more difficult with the recent observation 
of the small but nonvanishing vacuum energy of order 
(0.003 eV)'' H]. The quintessences have been considered 
to explain the smallness of this tiny vacuum energy [Q, 
but the bottom line of these ideas is that there exists a 
solution of the cosmological constant problem. 

The cosmological constant was introduced by Einstein 
in 1917 to make the universe static, since it appeared 
at that time that the universe seemed to be not evolv- 
ing. But the discovery of the expanding universe in 1929 
did not need a static universe, and the cosmological con- 
stant has become another parameter in general relativity. 
We expect that if a theory describes physics at the mass 
scale of order m, then parameters in the theory are ex- 
pected to be of order to. Gravitation is described at the 
Planck scale(or inverse Newton's constant) of order 10^^ 
GeV. However, the cosmological constant appearing in 
the gravity equation is phenomenologically very strongly 
bounded < (0.01 eV)^, which implies that there is a hier- 
archy of order 10~^^° between parameters in the gravity 
theory. This hierarchy problem could have been ques- 
tioned even at the time of Einstein, not from the static 
universe condition but as an hierarchy problem. 

In theoretical physics, the cosmological constant prob- 
lem has become a serious one in view of the need for spon- 
taneous symmetry breaking(SSB) in particle physics 0, 
since the vacuum energy (which is another name for cos- 
mological constant) in SSB is not fixed by any symme- 
try principle. The electroweak symmetry breaking and 
QCD chiral symmetry breaking can introduce vacuum 
energies. Thus, the difficulty of solving the cosmological 
constant problem in the four dimcnsional(4D) space time 
lies in that the limit A— > does not introduce any new 



symmetry. Thus, it may be necessary to go beyond the 
4D space-time or introduce a more general form of the 
Lagrangian. 

In this Letter, we consider a solution of the cosmo- 
logical constant problem with one extra dimension. In 
particular, we work with one brane located at y = (Bl 
brane) where y is the 5th dimension(5D), which is the so- 
called Randall-Sundrum II model (RSII) ||. This RSII 
model is an alternative to compactification of the extra 
dimension y, but we can obtain an effective 4D flat the- 
ory if gravity is localized at the Bl brane. If we live at 
Bl and the graviton wave function is sufhciently damped 
at large y, the bulk of this extra y space is not of much 
relevance to us even though the 5D space is not com- 
pactified. Within this kind of setup there may exist a 
possibility to attack the cosmological constant problem 
again, since the 4D flat space solutions are obtained with 
fine tuning(s) even though the 5D cosmological constant 
is nonvanishing and negative. [Note that in 4D there is 
no possibility of a flat space solution if the cosmological 
constant is nonzero.] 

In the RS type models, the idea for self-tuning of the 
cosmological constant has been suggested already [|| . We 
define the self-tuning model as a model allowing a fiat 
space solution without fine-tuning between parameters in 
the Lagrangian. This definition is consistent with the 
one adopted by Hawking and Witten in the early eight- 
ies 0,^. They did not care about the existence of de 
Sitter or anti de Sitter space solutions, but needed the 
existence of a fiat space solution with one undetermined 
integration constant which can be used to adjust, given 
the parameters in the Lagrangian. But in the 4D space- 
time theirs was just an idea but not a working model, 
since their 3-form field is not a dynamical field. In the 
recent works Q , the self-tuning idea has been revived in 5 
dimensional space-time. Arkani-Hamed et al and Kachru 
et al 1^ used a specific potential for a bulk scalar field 
in the RSII model and obtained a flat space solution 
for a finite range of input parameters in the Lagrangian. 
Thus, it seemed that they realized the self-tuning idea. 
However, their solution contained an essential singularity. 
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whence they just cut off the bulk for a finite 4D Planck 
mass. But one cannot ignore this singularity. If we ignore 
it, we would not obtain a vanishing effective cosmological 
constant in an effective 4D theory, which contradicts with 
the flat space solution. If the cure for this singularity is 
correctly performed, indeed the effective 4D cosmological 
constant is zero but one needs one fine-tuning |9| . There- 
fore, it is fair to say that the idea for the self-tuning has 
been suggested in the RS type models but there has not 
appeared a successful model so far. 

In this Letter, we present a working self-tuning model 
with lAff^ term in the Lagrangian in the 5D RSII 
model |5[| . The basic mechanism that our solution works 
is the following. The solution with a 4D flat space ansatz 
is regular at the whole y space and introduces two inte- 
gration constants a and c. One constant a defines the 
Planck scale. The other integration constant c partici- 
pates in the boundary condition at Bl and is related with 
the brane tension and bulk cosmological constant. [Note 
that in the RSII model, there appears one integration 
constant which is not participating in the boundary con- 
dition.] 

We proceed to discuss the model with the action. 
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where we put the brane Bl at y = and the brane ten- 
sion at Bl is Ai = —{Cm) . We set the fundamental 
mass parameter M as 1 and we will recover the mass M 
wherever it is explicitly needed. We assume a Z2 sym- 
metry of the solution, (3{—y) = (3{y)- We introduced the 
three index antisymmetric tensor field Amnp whose field 
strength is denoted as Hmnpq- The action contains the 
1/if^ term which does not make sense if does not 
develop a vacuum expectation value. We anticipate that 
this term constitutes a part of the gravitational interac- 
tions, and hence the renormalizability is not considered 
in this paper. If there results a good solution for the 
cosmological constant problem, it can be more seriously 
considered as a fundamental interaction. 



(2) 



The ansatz for the metric is taken as ||T 
ds^ = P^{y)r]^^dx''dx'' + dy^ 



where {ri^,y) — diag.(— 1, +1, +1, +1). With the brane 
tension Ai at Bl and the bulk cosmological constant Ab, 
the energy momentum tensors are 



Hmnpq bas been considered before in connec- 
tion with the cosmological constant problem ||^ and 
compactification The specific form for = 

HmnpqH^^pQ in Eq. (Q) makes sense only if H"^ de- 
velops a vacuum expectation value at the order of the 
fundamental mass scale. Because of the gauge invariant 
four index Hmnpq, four space-time is singled out from 
the five dimensions ||T^. The ansatz for the four form 



field is H, 



flipper 



= \/~-g^tivpa/n{'y), where /i, • 



run over 



the Minkowski indices 0, 1, 2, and 3. In the 5D space, the 
three index antisymmetric tensor field is basically a scalar 
field a defined by dMa = {l/^\)./^eMNPQRH'^PQ'^. 

In this Letter, we show that there exists a solution for 
Afc < 0. The two relevant Einstein equations are the (55) 
and (/i/i) components. 
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-Ai-A,%)-3ij- (5) 



where prime denotes the derivative with respect to y 
and j4 is a positive constant in view of the ansatz of 
Hfiupa- It is easy to check that Eq. (||) in the bulk 
is obtained from Eq. for any A;,,Ai, and A. If we 
took (instead of 1/i/^ term) in the Lagrangian, this 
statement will still hold but the resulting solutions do 
not lead to a self-tuning solution [|ll|. If we had both 
\/H^ and H^ terms, there does not result a self-tuning 
solution. Near Bl(the y — Q brane), the 5 function 
must be generated by the second derivative of j3. The 
Z2 symmetry, /3(-y) = I3{y), implies {d/dy)(3{y)\o+ = 
~{d/dy)P{y)\Q- . Thus, we can write (d^/di/^)/?(|y|) as 
{dydy^)(3i\y\)\y^o + 26iy)id/d\y\)Pi\y\). This <5-function 
condition at Bl leads to a boundary condition 



y=o+ 



-ki, 



(6) 



where we define fc's in terms of the bulk cosmological 
constant and the brane tension, 



_ Ab L ^ 

6 ' ^ ~ 6 ■ 
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It is sufficient if we find a solution for the bulk equation 
Eq. (^) with the boundary condition Eq. (^. We define 
a in terms of A, 



(8) 



T, 
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PQR , 
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We note that the solution /3(y) should satisfy: 

(i) the metric is well-behaved in the whole region of 
the bulk, and 
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(ii) the resulting 4D effective Planck mass is finite. 

The solution of Eq. (Q) consistent with the Z2 sym- 
metry is 



1/4 



[cosh(4A:|y| +c)]-i/'', 



(9) 



where c is an integration constant to be determined by 
the boundary condition Eq. (|^). This solution, consistent 
with (i) , is possible for a finite range of the brane tension 
Ai. Note that c can take any sign. This solution gives a 
localized gravity consistent with the above condition (ii). 
The boundary condition (^) determines c in terms of 
and Ai, 



tanh 



tanh 



Ai 



V=6Ah 



(10) 



We note that the solution exists for a finite range of pa- 
rameters, — V^BAb < Ai < 6Ah. 

The effective 4D Planck mass is finite 



1/2 



dy 



1 



A/cosh(4fcy + c) 



(11) 



Note that the Planck mass is given in terms of the 
integration constant a, or the integration constant is ex- 
pressed in terms of the fundamental mass M and the 4D 
Planck mass Afp cg, 



Af3 



F 



(12) 



where F is an elliptic integral of the first kind and is 
known to be finite [ pT| . 

To obtain the field equation for AmnPi we note that 
the variation of the Lagrangian (^ with respect to Aj^pq 
gives 



5/: D -4 • 4! 
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To cancel the first term of the above equation, we add a 
surface term in the action 



rfacc 



d^xdy 4 • 4! 
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+ AnpqBm \J~^ 



jjMNPQ \ 
1/4 ) 

(14) 



where the variation of derivative of Anpq vanishes at the 
boundary [ p^ . Then the field equation for Anpq is 



d 



'M- 



= 0, 



which can be integrated to give 



function of y only. 



(15) 



(16) 



Due to our ansatz for the 4D homogeneous space, 
Hmnpq can have nonvanishing values only for Hf^,jp„ as 
discussed before. Thus, A in Eqs. (^ and (||) and hence 
a in Eq. (H) is an integration constant. Field equations 
do not determine a, namely a is not dynamically deter- 
mined. But a can take any value. Then for a given a, the 
Planck mass is given in terms of a as shown in Eq. (|ll]). 
It is clear that this integration constant a itself does not 
participate in the self-tuning. On the other hand, the 
integration constant c participates in the self-tuning. 

Suppose we are given with Ai and A;,. Then we can 
always find a solution for A;, < and |Ai| < -\/— 6Ah. 
Namely, there exists a 4D flat space solution (|^) with 
c given by Eq. (10). If we add some constant vacuum 
energy at Bl, then Ai is shifted to say K'^. For this new 
set of A']^ and A{,, again we can find a solution, but with 
a different integration constant c' given with K'l through 
Eq. (|lo|). In other words, the dynamics of gravity and the 
antisymmetric tensor field adjust solutions a little bit, i.e. 
self-tune the above integration constant from c to c', to 
satisfy the field equations. 

Even though we obtained a flat space solution for the 
4D Minkowski space, it is worthwhile to check explicitly 
that the effective cosmological constant vanishes. From 
the action (|l|), the 4D gravity with vacuum energy is 
effectively described by 



S ■ 



A, 
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(17) 



where the 4D metric is g^v = (S^rj^i,, 77 is the determinant 
of 77^1/ , and i?4 is the 4D Ricci scalar. Then — Aeff is given 
by the y integral of Eq. ( p^ ) except the JS4 term, 



A, 



dy 13^ 



— 00 

■8 



0-(fi 



^+Ai%) + ^ 



Using Eqs. (^ and (||), we can rewrite A^g as 
Acff = A«+Afg\ 



(18) 



(19) 
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where 



(1) 

off 

(2) 
off 



3A 



dy ( ^Afc + iAiJ(y) ) 



(20) 



Using the solution (^), and conditions (0), (||) and (10) 
we can show that 



^^cff — ^ 



a cosh(c) 
^(2) ^ 2-^^ sinh(c) 



a cosh (c) 



2 — tan ^ sinh(4fc?; + c) 



2 — tan ^ sinh(4fcj/ + c) 
a 



(21) 



which leads to A 
4D metric, Eq 



(1) 



^A 



(2) 
cff 



0, in agreement with the flat 



So far we presented a model for a simple Lagrangian 
with term only. However, we can show that more 

general Lagrangians containing only negative powers of 

can have the self-tuning solutions. If the Lagrangian 
contains J2ni^ri/ {{H"^))^) with ai > and large for the 
dominance, the last terms of the (55) and (/i/i) 
Einstein equations, (^) and (^, are changed to 

^ (2ri + l)C„(/3) 



An 



(22) 



respectively with Ai > 0. Then checking the two equa- 
tions, we obtain C„(/3) — for the consistency. Then, 
the (55) equation gives 



/A, ^ ^ gS,n+2 



6A„ 



(23) 



Eq. (g3|) gives ^ as /3 if n > 0, which guaran- 
tees the existence of the solution. But for n < 0, there 
exists a naked singularity and there is no solution. Sup- 
pose that the is given and other corrections are 
powers of . Then, these small corrections in (i/^)™ 
(m > 0) can be brought approximately into the form 
^jj^P a„/((iJ^) + i?^)" where the n — 1 term is dom- 
inant. Thus, if the corrections contain only the (_ff^)" 
type terms, the existence of the self-tuning solution is 
intact. 

Before concluding, we point out that the self-tuning 
solution Eq. (^ is stable in the sense that the met- 
ric perturbation around the solution does not lead to 
tachyons |pT| . 

In conclusion, we obtained a solution for self-tuning of 
the cosmological constant in the 5D theory with the Z2 
symmetry. For the self-tuning solution to exist, the bulk 
cosmological constant must be negative. At < 0, and we 
need a specific form for the gravitational interaction of 
the three index antisymmetric tensor field Amnp- 
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